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The diusion of eletroni wave pakets in one-dimensional systems with on-site, binary disorder
is numerially investigated within the framework of a single-band tight-binding model. Fratal
properties are inorporated by assuming that the distribution of distanes ℓ between onseutive
impurities obeys a power law, P (ℓ) ∼ ℓ−α. For suitable ranges of α, one nds system-wide anomalous
diusion. Asymmetri diusion eets are introdued through the appliation of an external eletri
eld, leading to results similar to those observed in the ase of photogenerated eletron-hole plasmas
in tilted InP/InGaAs/InP quantum wells.
PACS numbers: 72.15.Rn,71.23.-k,71.23.An
I. INTRODUCTION
The work reported in this paper is motivated by
the experimental observation of asymmetri diusion
of eletron-hole plasmas in semiondutor quantum
wells
1,2,3
, as well as by attempts at a theoretial expla-
nation of suh results, on the basis of models for fratal
diusion
1,4
. In Ref. 1, eletron-hole plasmas were photo-
generated in intrinsi InP/InGaAs/InP single quantum
wells, and their diusion was observed through measure-
ments of photoluminesene intensity proles. Two types
of heterostrutures were examined: the rst was grown in
a diretion normal to the [001] rystallographi axis, and
the seond was grown in a diretion tilted by 2◦ relative to
that of the rst, toward the [111] axis. The experimental
results were as follows: in the former struture the plasma
undergoes Gaussian (symmetri) diusion, while in the
latter the diusion is asymmetri. The authors of Ref. 1
showed that diusion data for the tilted heterostruture
an be tted by an asymmetri Lévy distribution, pre-
viously obtained
4
as a solution to a (one-dimensional)
generalized Fokker-Plank equation with distint right
and left diusion oeients, and frational derivatives.
Furthermore, it was argued that the frational hara-
ter of the diusion is onneted to fratal properties of
the medium, namely a power-law roughness distribution
of the interfaes that delimit the quantum wells. Fur-
ther photoluminesene studies suggest that the arrier
diusion properties are indeed very sensitive both to in-
terfae roughness, and to the presene of nite-width ter-
raes
2
. By varying both optial exitation intensities and
temperature, a more detailed piture was found for the
anomalous diusion phenomena taking plae, inluding
the likely existene of Auger reombination, whih in its
turn might be indued by fratal interfae morphology
3
.
The relationship between frational diusion and the
absene of a harateristi length sale (the latter being




Here we study a model system along the lines of An-
derson's piture
8,9,10,11
for eletron diusion in disor-
dered media. Alternatively to the theoretial approah
adopted in Refs. 1,4, whose starting point was a general-
ized Fokker-Plank equation for (lassial) partiles, we
write a tight-binding Hamiltonian for a (quantum) par-
tile, whih evolves aording to the rules of quantum
mehanis. The fratal features are inorporated by a
spei spatial distribution of on-site disorder, to be de-
sribed below.
Bearing in mind that the eletron-hole pairs undergo-
ing anomalous diusion in the experimental systems are
essentially quantum-mehanial objets, our treatment is
expeted to reet the basi wave-like properties of suh
entities. The link between the quantum properties under-
lying loalization, and those lassial features brought to
fore in lassial approahes to diusion is not well under-
stood, although it has been disussed in the reent past
(see, e.g., Ref. 12).
Our main onern is to provide an independent hek
of whether the onnetion between fratal properties of
a disordered medium, and the behavior of partiles dif-
fusing in it, whih has been proposed in the lassial
ontext, is robust enough to survive the translation to
a quantum-mehanial piture. Therefore, we shall not
aim at making spei omparisons of our results to the
experiments desribed in Refs. 1,2,3.
In Subsetion IIA, we introdue the tight-binding
hamiltonian and the respetive disorder distributions to
be investigated, along with a brief desription of our
alulational proedures. In Subsetion II B results are
given for the time evolution of the width of wavefun-
tion pakets against time, as well as for the orrespond-
ing instantaneous proles. Subsetion II C deals with the
introdution of an external bias, in order to investigate
the eets of anisotropy. Finally, in Se. III, onluding
remarks are made.
II. MODEL SYSTEM AND RESULTS
A. Model
In order to simplify the alulational framework, we
restrit our investigation to one-dimensional systems. We
2onsider the one-eletron, tight-binding hamiltonian for a




|n〉 ǫn 〈n| − γ
∑
n,m
|n〉 〈m| , (1)
where |n〉 is an orbital with self-energy ǫn, m = n ± 1,
and γ is the hopping energy, assumed to be onstant and
positive.
We study binary models of disordered alloys, in whih
two dierent orbitals A (host atoms) and B (substitu-
tional impurities) oexist, with respetive self-energies ǫA
and ǫB, and overall onentrations 1 − p0 and p0. The
relevant energy in the present ontext is ǫ ≡ ǫB − ǫA,
whih measures the impurity-host mismath.
If the impurity loations are unorrelated, (a ase to
be denoted as the random binary model, or random for
short) the distanes ℓ between any two onseutive im-





ℓ ∼ exp(−λℓ) (ℓ = 1, 2, . . . ) ,
(2)
where λ = λ(p0) = − ln(1−p0) is the inverse deay length
(in lattie parameter units) that sets a sale for the typ-
ial B − B distane, i.e., a uto ditating the largest
allowable distanes. Note that the average impurity-
impurity distane is p−1
0
, whih approahes λ−1 only in
the low-onentration limit p0 ≪ 1 where ontinuum and
disrete-lattie desriptions beome equivalent. For the
random model, host-impurity (A−B) duality means that
our investigation an be restrited to 0 ≤ p0 ≤ 1/2.
We introdue fratal features by assuming the distri-
bution of ℓ to deay with a power law:
P (ℓ) ∼ ℓ−α , (3)
where α is a harateristi exponent.
Distributions similar to Eq. (3) have been exten-
sively studied in the literature of fratal-based point pro-
esses
13,14,15
; in that ontext, they refer to the probabil-
ities of ourrene of interevent (time) separations. In
suh ases, most of the interest fouses on the hara-
teristis of the assoiated power spetrum, whih turns
out to exhibit 1/fα noise properties. Here, by ontrast,
the fratal features of the real-spae impurity distribution
are of interest only inasmuh as they are the bakground
against whih we simulate the quantum-mehanial evo-
lution of eletroni wavepakets.
The distribution given by Eq. (3) is normalizable only
for α > 1; its mean is nite only for α > 2 , and its vari-
ane is nite only for α > 3. Nevertheless, as disussed
at length in Subse. II B, it is a physially sensible hoie
to adopt a system-wide normalization whih enables one
to onsider 1 < α ≤ 2, for (large but nite) fratal sys-
tems. In this fratal binary model, or fratal, for short,
ℓ laks a typial sale. Here, all distanes are allowed,
on aount of the slowly-deaying distribution tail. Thus
we expet the resulting system to exhibit fratal prop-
erties, provided that it is large enough. The orrelation
between impurity positions, implied by Eq. (3), destroys
strit A−B duality.
Comparison between overall onentrations in the two
ases proeeds by mathing the respetive average dis-
tanes between impurities, whih are p−10 for the former
model [ as remarked in onnetion with Eq. (2) ℄ and





Riemann's zeta funtion. For example, p0 = 0.4 ↔ α ≈
2.34. Clearly, in the thermodynami limit any α ≤ 2
orresponds to vanishing B onentrations in the fratal.
However, as pointed out above, for large but nite sys-
tems one an still get nontrivial results for α ≤ 2, one
suitable normalization onsiderations are taken into a-
ount [ see Fig. 3 below, for a full illustration of the p0α
orrespondene, both in the thermodynami limit and for
nite systems; see also Eq. (6) ℄.
We study the dynamis of wave pakets
16,17
in ran-
dom and fratal linear hains. The time evolution of
the amplitudes ψn(t) = 〈n|ψ(t)〉 is determined by the
Shrödinger equation:
i ψ˙n = εn ψn − ψn−1 − ψn+1 , (4)
where εn = ǫn/γ is a dimensionless parameter, and time
is given in units of ~/γ.
We start with Gaussian wave pakets:







where n0 denotes the initial position of the entroid, and
σ0 the initial width, and C is a normalization onstant.
Congurational averages are taken in all the alula-
tions presented in this work.
B. Varianes and wave fronts
We analyze and ompare the properties of the two
kinds of systems just dened.
We have numerially determined the time evolu-
tion of the (ensemble-) averaged wave-pakets in one-
dimensional systems of sizes L = 10000, with free ends.
The number of realizations inorporated in the ensemble
averages is M = 1000 or, in some ases, larger.
The alulational method is based on numerial inte-
gration of Eq. (4) with initial ondition given by Eq. (5),
via a fth-order Runge-Kutta ode. We ompared results
for xed realizations of disorder, obtained with time steps
of 0.1 and 0.01, and heked that they are indistinguish-
able for all pratial purposes. Thus, we set the former
value in all alulations desribed here.
The integration is taken up to times not longer than
enough for the paket to reah the hain's ends, in order
to avoid reetion eets. The atual hopping-rate of an
eletron in a pure system modeled by Eq. (4) is one atom
per time unit. Considering that diusion on a disordered
hain is hampered by impurities, in order to be safe we




























Figure 1: Plots of slopes (time derivatives) d 〈(∆x)2 〉/dt of
varianes of partile probability distribution against time in
the random system. In (a) ε = 1.0 for several p0, while in (b),
p0 = 0.4 for several ε. L = 10 000 andM = 10
3
samples eah.
spread over a few sites around the enter of an L-atom
hain. We have used σ0 = 5.0, that is, the initial pakets
are rather loalized.
As usual, we study diusional behavior through inves-
tigation of the time evolution of the ensemble-averaged
seond moment (variane) of the partile probability dis-
tribution, 〈(∆x)2 〉. Power-law dependenies, 〈(∆x)2 〉 ∼
t2β , with β = 0, 1/2, and 1 haraterize loalized, diu-
sive, and ballisti regimes respetively (the latter to be
interpreted here in the sense that, even though there is
no enter-of-mass motion in the absene of an external
bias, the paket width varies linearly in time if eah of
its Fourier omponents travels unhindered).
Initially we onsider the random model, so as to pro-
vide a benhmark against whih to ompare results for
the fratal ase.
By sanning the values of ε ≡ ǫ/γ for the dimension-
less impurity-host self-energy mismath, as well as those
of p0, along suitable intervals, one nds the same overall
piture, namely apparent ballisti behavior at rst, fol-
lowed by a ontinuous, smooth rossover towards loal-
ization, i.e. the varianes 〈(∆x)2 〉 eventually approah
saturation. To illustrate this, in Figure 1 we show the
evolution of the slopes d 〈(∆x)2 〉/dt against time, in the
random system. One an see that saturation behavior
(zero slope) always obtains, albeit at rates whih depend
on ε and p0.
We have found no simple saling piture, from whih
a data ollapse plot ould be derived. Even for xed
ε, where for eah p0 one has the harateristi inter-
impurity distane λ−1(p0), this quantity does not trans-
late diretly on to a saling length. In this ase, the sat-
uration value of 〈(∆x)2 〉 varies approximately as p−1.350
(for p0 ≤ 0.5).
We now turn to the fratal model, for whih represen-
tative results are shown in Fig. 2. These are for samples








































Figure 2: Double-logarithmi plots of variane of partile
probability distribution against time in the fratal system,
for ε = 1.0 and several α (see text for explanation of α ≤ 2
data). L = 10 000 and M = 5 × 103 samples eah [ exept
α = 1.5 for whih M = 103 ℄. Inset: asymptoti harateristi
exponent 2β as a funtion of α, for data on the main diagram
(see text).










Suh a system-wide normalization is indeed onsistent
with the inlusion-exlusion priniple. This an be seen
by realling that, starting from a B atom at x = 0 and
following along the hain, the statement that, e.g., the
rst B atom ours at x = ℓ enompasses all (mutually
exlusive) 2L−ℓ possible arrangements of A's and B's, for
x > ℓ, and with only A's for 1 ≤ x ≤ ℓ − 1. With the
above normalization, even for α ≤ 2 one has, on aver-
age, a non-vanishing (though in suh ase rather small)
impurity onentration. This is illustrated in Fig. 3.
The larger the system, the individual probabilities for
some given distane ℓ beome omparatively smaller,
while the ourrene of larger distanes beomes possi-
ble, although with low probability. We nd that for larger
systems, the fratal environment makes it easier for the
paket to diuse than the random one, for the same (ef-
fetive) onentration of impurities. Of ourse, here one
is only onsidering diusion along distanes of the order
of the system's length, L. The ruial dierene, relative
to the random model, is that sine there is no intrinsi
length sale in the fratal system, the single length in-
trodued by the normalization in Eq. (6) oinides with
the system size. Thus, although the diusive behavior
observed here must always be regarded as an apparent
regime, it may extend to rather long distanes.
The ourrene of large impurity-impurity distanes in
this system may produe individual realizations of disor-
der, omprising regions that are eetively pure. The






























Figure 3: Eetive average onentration p0 of impurity sites
in the fratal model, against α. L → ∞ refers to Eq. (6) in
suh limit, while points are for L = 10 000, with normalization
by N [N = L is system-wide normalization as in Eq. (6)℄; see
text.
tended, or semi-extended. Averaging over many realiza-
tions would produe an ensemble of wave pakets om-
posed of loalized and extended states, even though on
average the system has a nite onentration of impu-
rities. Least-squares ts of 102 < t < 5 × 103 data of
Figure 2 to a single power-law form produe an expo-
nent 2β = 1.82(1), 1.30(1), and 1.04(1) respetively for
α = 1.5, 2.0, and 2.5. Thus one nds an eetive anoma-
lous diusion regime, whih has no ounterpart in the
random disorder model.
On the other hand, the α = 3.5 results, for exam-
ple, show that even in the fratal model, one an have
disorder so strong that loalization (within the system's
limits) is statistially the only possible outome. For this
ase, the orresponding eetive impurity onentration,
as dened above, is≈ 0.84, whih (for the random model)
would be equivalent to p0 = 0.16, by using the p0 ↔ 1−p0
duality valid for the latter type of disorder. One an in-
fer from Fig. 1 (b) that the behavior of the p0 = 0.16
random system is indeed similar to that of the α = 3.5
fratal ase, namely loalization setting in for t ≈ 103
[ we have also heked that the atual saturation value
of 〈(∆x)2 〉, whih is ≈ 6 × 102 for α = 3.5 (fratal),
falls between the respetive ones for p0 = 0.1 and 0.2
(random) ℄.
As regards α = 4.0 data, for whih one has the equiv-
alent p0 = 0.90 from Fig. 3, omparison is to be made to
the p0 = 0.10 urve of Fig. 1 (b). Again, the agreement
is very good, as far as general trends are onerned: in-
reasing α in this range turns out to produe a longer
loalization length.
The reason why the fratal model behaves similarly to
the random one for large α, while it ertainly does not
do so for α ≤ 2.5, is as follows. From Eqs. (3) and (6),
one an work out that the probability distribution for
distanes between onseutive A atoms is
PA(ℓ) ∼ exp [a(α) ℓ] , a(α) = lnP (1) , (7)
where P (1) = ζ−1L (α) is the probability for unit distane
between B (impurity) atoms. For α ≤ 2.5 (orresponding
to p0 ≤ 0.5), the B atoms are in the minority, so they
indeed play the role of impurities in an otherwise pure A
system. As seen above, the fratal properties assoiated
to the power-law B − B distane distribution, Eq. (3),
give rise to the onsequent diusion-like behavior. At
larger α (p0 > 0.5), the A atoms are now in the minority.
Physially, the traveling eletrons are only sensitive to
the existene of two distint values of on-site energies,
thus the eetive "impurity" label will be assigned in
pratie to the speies whih ours less frequently (in
this ase, A atoms, whose distane distribution, Eq. (7),
is qualitatively the same as in the random model, thus
bringing about loalization). The harateristi length,
[ln ζL(α)]
−1
, inreases with inreasing α, thus explaining
the trend mentioned above.
In pratie, one would expet the region 0.4 . p0 .
0.6, i.e., 2.35 . α . 2.65, to behave as a rossover re-
gion. This is beause, for the nite systems under study,
one needs a lear majority of one speies over the other
to be statistially established while still within distanes
shorter than system size.
Further evidene that eetive diusion-like behavior
is linked to the absene of a typial sale in fratal sys-
tems an be derived as follows. If, instead of normalizing
P (ℓ) by system size L as in Eq. (6), we take a xedN < L
as the upper limit (see in Fig. 3 how this aets the ee-
tive impurity onentration), a length sale equal to N is
introdued, even though the variation of P (ℓ) against ℓ is
still desribed by a power law. Results for N = 100, and
assorted values of α are shown in Fig. 4. Note that while
the loalization length dereases with inreasing α ≤ 2.5,
the trend is reversed for α > 2.5. This is similar in na-
ture to the p0 ↔ 1 − p0 duality observed in the random
model.
Finally, we examine the atual shapes of partile prob-
ability densities. For the loalized pakets in the random
ase, extended exponentials, |ψ(x)|2 ∼ exp(−b|x|φ), pro-
vide reasonably good ts to the region within 20 to 30
sites from the peak, with 1.5 . φ . 1.8. At larger dis-
tanes, the probability density deay is somewhat slower
than that. Fits for 30 . x . 200 give φ in the 0.2 − 0.6
range.
On the other hand, for the fratal ases with apparent
diusion, one an get power-law ts extending to two
or more deades of distane, as shown in Fig. 5. Of
ourse, the power-law behavior exhibited in the Figure
is expeted to hold only within the system's nite lim-
its, as is the ase for all features of the apparent diusion
regime (reall that our whole study is onduted for times
not longer than enough for the wavepaket to reah the
hain's ends, in order to avoid reetion eets). Thus,




















N = 100 
Figure 4: Asymptoti values of variane of partile proba-
bility distribution in the fratal system, with P (ℓ) = 0 for
ℓ > 100, and the orresponding normalization (see text), for
































Figure 5: Double-logarithmi plots of partile probability
distribution funtions against position, at t = 5000, for as-
sorted values of α in the (apparent) diusive regime. ε = 1.0,
L = 10 000, and M = 103 samples. Lines indiate least-
squares ts to a power-law form, P (x) ∼ x−δ. See text for a
disussion of suitable normalization onsiderations.
to power-law deay with δ = 0.45) would be stritly non-
normalizable if suh behavior extended to arbitrarily long
distanes, one must keep in mind that (within the present
ontext) the wavepaket amplitude will fall to zero before
reahing the hain's ends. Loalized pakets for fratal
disorder, i.e., α & 3.0 (not shown), seem to behave in an
intermediate way between power-law and extended expo-
nential deay.
C. Appliation of a bias
We searh for an eet that, in the present quantum-
mehanial formulation, would be the equivalent to dis-
tint values for left- and right- diusion oeients in
the Fokker-Plank approah of Refs. 1,4. The simplest
soure of suh anisotropy is an eletri eld.
The eet of applying a uniform eletri eld to the




|n〉eE n 〈n| (8)
in the Hamiltonian, where e is the eletroni harge, and
E is the eld intensity. The orresponding Shrödinger
equation is
i ψ˙n = (εn + f0 n)ψn − ψn−1 − ψn+1 , (9)
where f0 = eE/γ is a dimensionless bias intensity.
On a pure system, appliation of a bias produes a drift
of the entire wave paket, as its entroid moves through
the lattie, with diusion ourring with respet to the
enter-of-mass referene frame. However, due to the un-
equal eet of the bias on the various Fourier ompo-
nents of the paket, this diusion may be asymmetri.
Also, one must be aware of Bloh osillations, whih on-
ne the wave paket in a region of spae, thus produing




In order to prevent the eet of Bloh osillations from
distorting the diusive behavior whih is our main on-
ern, here we use f0 = 1.0×10
−3
. Then, elementary on-
siderations show that for a paket starting at the enter
of a hain with L = 10 000, speed reversal will only set
in at t . 4 × 103, giving one a rather broad window of
observation.
In a disordered system, the appliation of a bias gives
rise to dynamial loalization. This is related to Bloh
osillations. The dierene is that a part of the paket
diuses away and performs osillations, while the other
part remains loalized lose to the origin. Suh asym-
metri diusion behavior may thus be viewed as the o-
existene of two distint regimes.
The results in Fig. 6 show that the diusing portion of
the averaged wave paket behaves as if the system were
pure; its entroid oinides with that of a orresponding
wave paket in a pure system. One an see that it is only
for the fratal ase with apparent diusion (α = 2.5)
that a signiant portion of the partile probability
distribution is pure-system-like. As remarked above,
for suh values of α one has oexistene between indi-
vidual disorder realizations with eetively deloalized
eigenstates, and others in whih loalization ours.
The relative height of the orresponding peaks in Fig. 6
shows that the latter are muh more frequent than the
former.
III. DISCUSSION AND CONCLUSIONS
We have introdued a model system for the inorpo-
ration of on-site fratal disorder in the one-eletron dif-

























Figure 6: Partile probability distribution against position,
for t = 1000, f0 = 1.0 × 10
−3
for ε = 1.0. L = 10 000 and
M = 103 samples eah [ exept α = 2.5 for whih M = 5 ×
103 ℄. Open symbols: fratal systems; full symbols: random
systems.
impurity-impurity distanes given in Eq. (3) implies that
disorder is in fat orrelated. It is well known that fea-





may have strong eets (inluding
the ourrene of a metal-insulator transition even in one-
dimensional systems), an observation whih is onrmed
here by the omparison of fratally-disordered and un-
orrelated random eletroni systems.
As regards omparison with experimental results, the
wavefront proles depited in Fig. 6 show a onnetion
between anomalous diusion of tight-binding eletrons
and fratal properties of the underlying medium. Fur-
thermore, we have seen that, in the present model, asym-
metri proles arise from oexistene of ballisti and lo-
alized states upon appliation of an external bias. Suh
oexistene results from the fat that a subset of ensem-
ble realizations of the (sale-free) disorder are, in fat,
almost pure. Whether the same explanation holds for
the experimentally-observed proles is not ertain at the
moment, though one might oneivably propose ways to
test it on available samples.
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